Abstract: Boundary element methods (BEM) have been used for propeller hydrodynamic calculations since the 1990s. More recently, these methods are being used in combination with finite element methods (FEM) in order to calculate flexible propeller fluid-structure interaction (FSI) response. The main advantage of using BEM for flexible propeller FSI calculations is the relatively low computational demand in comparison with higher fidelity methods. However, the BEM modelling of flexible propellers is not straightforward and requires several important modelling decisions. The consequences of such modelling choices depend significantly on propeller structural behaviour and flow condition. The two dimensionless quantities that characterise structural behaviour and flow condition are the structural frequency ratio (the ratio between the lowest excitation frequency and the fundamental wet blade natural frequency) and the reduced frequency. For both, general expressions have been derived for (flexible) marine propellers. This work shows that these expressions can be effectively used to estimate the dry and wet fundamental blade frequencies and the structural frequency ratio. This last parameter and the reduced frequency of vibrating blade flows is independent of the geometrical blade scale as shown in this work. Regarding the BEM-FEM coupled analyses, it is shown that a quasi-static FEM modelling does not suffice, particularly due to the fluid-added mass and hydrodynamic damping contributions that are not negligible. It is demonstrated that approximating the hydro-elastic blade response by using closed form expressions for the fluid added mass and hydrodynamic damping terms provides reasonable results, since the structural response of flexible propellers is stiffness dominated, meaning that the importance of modelling errors in fluid added mass and hydrodynamic damping is small. Finally, it is shown that the significance of recalculating the hydrodynamic influence coefficients is relatively small. This fact might be utilized, possibly in combination with the use of the closed form expressions for fluid added mass and hydrodynamic damping contributions, to significantly reduce the computation time of flexible propeller FSI calculations.
Introduction
Over the last two decades, an increased interest in flexible propellers can be noticed given the growing list of publications on the hydro-elastic analysis of flexible marine propellers. Several publications present a methodology for the numerical analysis of these types of propellers in steady and unsteady inflow conditions. These methods typically involve partitioned fluid-structure interaction (FSI) computations, meaning that the fluid and structural problem are separately solved and coupling iterations are required to converge to the fully coupled solution. For steady propeller FSI computations mainly Reynolds-averaged Navier-Stokes (RANS) methods [1] [2] [3] [4] and boundary element methods (BEM) [5] [6] [7] [8] [9] [10] [11] [12] have been used for solving the fluid part of the coupled problem.
• ω << ω 0 ; quasi-static regime, structural response dominated by stiffness.
• ω = ω 0 ; resonance regime, structural response dominated by damping.
• ω >> ω 0 ; dynamic regime, structural response dominated by mass.
The fundamental natural frequency of a propeller blade is the frequency of the first bending mode. The blade natural frequencies depend on the stiffness and mass and can be computed using solution techniques available in FEM software. For a quick approximation of the first two natural frequencies in air and water, formulas are provided in [14, 15] . The fundamental dry natural frequency, ω dry 0 , in rad/s can be estimated for moderately skewed propellers with 
where R is the propeller radius, r h is the hub radius, E the Young's modulus ρ the blade material density, t m the mean blade thickness, t r the root blade thickness, c m the mean chord length and c r the root chord length. The fundamental wet natural frequency of nickel aluminium bronze (NAB) propellers is generally 62-64% of the value in air [16] , meaning that, for the first mode, the modal fluid added mass is approximately 2.5 times the NAB blade modal mass. Thus, the fundamental wet natural frequency, ω wet 0 , for any propeller material is given by 
where ρ N AB is the density of the NAB material. From Equations (1) and (2), it can be concluded that, when NAB blade material with a typical Young's modulus and density of 110 GPa and 7600 kgm −3 is replaced by a glass-epoxy composite material with a typical Young's modulus and density of 20 GPa and 1700 kgm −3 , the dry natural frequencies will slightly decrease. When a carbon-epoxy material is considered with a typical Young's modulus and density of 75 GPa and 1600 kgm −3 , the dry natural frequencies will be significantly higher than for the NAB equivalent. The fundamental wet natural frequency of a glass-epoxy blade will be considerably smaller than its NAB equivalent, while for a carbon-epoxy blade, it is approximately the same. Due to the lower material density of fibre reinforced plastics, the fluid added mass has a more pronounced effect on the wet natural frequencies than in the case of a NAB propeller. From Equations (1) and (2) , it can be concluded that the dry and wet blade frequencies scale inversely proportional with the geometrical blade scale.
Analogous to the structural frequency ratio of a 1DOF linear mass-spring-damper system, the structural response behaviour of propeller blades can be characterised by the ratio of the frequency corresponding to the dominant blade mode and the excitation frequency. As will be shown latter on, the response of flexible propellers is stiffness dominated, then, the first blade mode will dominate the structural response. Hence, the wet fundamental blade frequency is the typical frequency used for the structural frequency ratio. The lowest excitation frequency is the shaft rotation frequency. Since the shaft rotation speed, n, is related to the blade radius by the tip speed v tip = 2πnR, the following expression for the ratio between excitation frequency ω = 2πn and wet fundamental blade frequency, i.e., the structural frequency ratio, 
In order to avoid cavitation, a typical value for the maximum allowable tip speed is around 35 m/s. Therefore, the maximum tip speed in ship propeller design is a constant rather than a variable.
By proportionally scaling the propeller dimensions R, r h , t m , c m , c r and t r , the structural frequency ratio does not change. Hence, the structural frequency ratio is independent of the geometrical propeller scale.
Propeller Flow Reduced Frequency
For fluids around lifting bodies, a dimensionless number exists that describes the unsteadiness of the flow and is called the reduced frequency. In the expression for the reduced frequency, k, an oscillation frequency is related to the flow speed:
where c is the chord length and v 0 the undisturbed flow velocity. For small reduced frequencies, the unsteadiness of the flow is negligible and a quasi-steady approach can be justified. For higher reduced frequencies, the circulatory lift reduces, which is called the lift deficiency and a phase lag between the circulatory part of the lift and the body motion exists due to the wake vorticity. Lift deficiency and phase lag functions for a flat plate foil in small amplitude unsteady motion were derived by Theodorsen [17] , see Figure 1 . The propeller flow reduced frequency at 70% of the blade radius is obtained from the shaft rotation speed and is given by k 0.7 = 2πnc 0.7 2v 0,0.7 ,
where c 0.7 is the chord length at 0.7R and is typically 40% of the blade diameter, D. v 0,0.7 is the undisturbed flow speed at 0.7R. v 0,0.7 is approximately 0.7πnD. Hence, for conventional propellers, a typical value for the reduced frequency at 0.7R is 0.57. This value can be considered as highly unsteady according to Figure 1 and appears to be independent of the geometrical propeller scale.
Seiun-Maru Propeller Frequencies
The expressions for the fundamental natural frequencies have been verified by comparing estimated dry and wet fundamental blade frequencies to FEM calculated frequencies for the highly skewed Seiun-Maru propeller. The Seiun-Maru is a Japanese training vessel. The geometry of the propeller is in the public domain [18] and its main particulars are summarized in Table 1 . Figure 2 shows the dry and wet fundamental blade frequencies calculated with the FEM and estimated with Equations (1) and (2) . For the various materials, the properties as mentioned before have been used. For the FEM calculations, a Poisson ratio of 0.3 has been adopted and the fluid added mass has been calculated with the approach described in Section 4. The differences between the frequencies obtained with FEM and the estimation formulas are smaller than 20% for all the cases. It is expected that, for propellers with less skew, the differences will be smaller, since Equation (1) was proposed for moderately skewed propellers [14, 15] . Nevertheless, the estimated natural frequencies are accurate enough to identify the structural response regime and Equation (3) is proposed to attribute the structural behaviour to stiffness, damping or mass dominated response. For a maximum allowable tip speed of 35 m/s, the structural frequency ratios as given in Figure 3 have been obtained for the various Seiun-Maru propellers. It can be concluded that the structural response of composite propeller blades is expected to be predominantly quasi-static and probably a quasi-static structural approach might give a good approximation of the blade response. This will be further evaluated in Section 6. 
Hydrodynamic Method for Propeller Forces

Potential Flow Theory
In the present study, the BEM PROCAL has been used for the hydrodynamic calculations. PROCAL is a panel method developed by the Maritime Research Institute Netherlands (MARIN) for the Cooperative Research Ships [19, 20] . PROCAL solves the integral equation for the velocity potential in a fluid domain based on the Morino formulation [21] . In this integral formulation, the propeller induced velocity disturbances are considered irrotational. Then, by defining the scalar variable φ as the disturbance velocity potential, the total velocity, v, relative to the operating propeller becomes
where t is the time and x is the position vector in a Cartesian coordinate system. The undisturbed velocity, v 0 , can be written as the sum of the ship's effective wake field velocity and the effect of the propeller angular velocity, with the wake field velocity, v w , and with the propeller angular velocity, Ω,
The flow is assumed to be incompressible and has a constant density. Therefore, Laplace's equation applies to the disturbance velocity potential,
Then, the fluid pressures p are related to the total velocity and the disturbance velocity potential according to Bernoulli's law, ∂φ ∂t
For a propeller, p re f is the pressure far upstream (along the shaft axis) and it obeys the hydrostatic law, p re f = p atm + ρgz sha f t being p atm the atmospheric pressure at the free surface, and submergence, z, at the shaft as, z sha f t . In order to solve Equation (8) , boundary conditions have to be imposed on the propeller surface (S B ) and wake sheet (S W ), which contains the shed vorticity. On the propeller surface, an impermeability condition is imposed,
where n is the surface normal. For the wake sheet, a kinematic and dynamic boundary condition can be formulated. The kinematic boundary condition prescribes that the wake sheet is a stream-surface of the flow,
The wake sheet itself is an imaginary surface in the flow with zero thickness. The wake sheet cannot support a pressure difference between its upper and lower side. This dynamic boundary condition can be written as
where + and − denote the upper and lower side of the wake sheet. At the blade trailing edge, this is the so-called Kutta condition.
Integral Formulation for Disturbance Potential
A relation between the potential at any point in the fluid domain and the source strengths (normal component of the disturbance velocity at the body boundary) exists and is given by the integral equation following from the third Green's identity. Using Morino's formulation [21] , this can be written as
where a is a point in the fluid domain, and b is a point on the fluid domain boundary surface. G is the Green's function for the Laplace equation defined as
n b is the outward normal at b. is a constant that depends on the field point a and is 2π if a is on the fluid boundary surface. With the dynamic boundary condition for the wake sheet, the following integral equation is obtained:
In this integral equation, the geometry of the body and wake sheet are constant. This means that the points b on the fluid domain boundary surfaces and the surface areas are time invariant, which is obviously not the case for a deformable body. In that case, the integral formulation of Equation (15) transforms to the unsteady flow and time-variant body integral equation,
Numerical Formulation
The integral equations of Equations (15) and (16) are solved in PROCAL by approximating the surfaces S B and S W by N total number of panels. On each panel, a collocation point is defined where the integral equation is applied. Finally, a system of equations is obtained, unknown in the strengths of the source and dipole elements. With the imposed boundary conditions, the system of equations can be solved and the potential at the boundaries is obtained. This subsection briefly describes and presents the system of equations for the non-cavitating propeller calculations considered in this work. For the formulation of the discretised problems, the discretisation parameters and equations as presented in [19] have been used. For a more thorough derivation, one is referred to that publication.
Geometry Discretisation
In PROCAL, the entire fluid domain boundary surface, consisting of body surface S B and wake surface S W , is decomposed in a key part containing one blade with corresponding hub section and wake sheet and a symmetry part including the other blades, hub sections and wake sheets. The motivation for this subdivision in key-and symmetry surfaces is to obtain a smaller system of equations by utilizing the symmetry properties of ship propellers. The symmetry of flexible propellers in an unsteady flow can be questioned due to time varying deformations and will be discussed further in Section 6. Figure 4 shows the discretised geometry of a propeller and wake. The discretisation parameters displayed in this figure have the following meaning: 
Steady Flow and Rigid Propeller Formulation
For a rigid propeller in a steady flow, Equation (15) can be discretized as follows:
where D nij , S nij and W nij are the hydrodynamic influence coeficients for the body dipoles, body sources and wake dipoles, respectively. They are defined as
n ij · r nij r 3 nij dS B ij , if n does no refer to element i, j,
and
σ ij and φ ij are the source and dipole strengths respectively at collocation point i, j on the body surface. ∆φ ij is the dipole strength at collocation point i, j on the wake surface. N total is the total number of panels for which the flow quantities have to be solved:
In case of a steady flow calculation, the symmetry surfaces can be taken into account by adding the influence coefficients of key-and symmetry surfaces together; for instance, for the dipole influence coefficients,
In general, the strength of a vortex shed by a lifting body is time invariant. This follows from the dynamic and kinematic boundary condition on the wake surface (Equations (11) and (12)); by using Bernoulli's theorem, this yields that the dipole strengths are time invariant following a wake particle. Furthermore, for steady flow conditions the dipole strengths ∆φ ij on the wake sheet are the same at fixed j but different i. Accordingly, the dipole influence coefficients of each j strip can be added,
Making use of the symmetry properties of the problem and the summation of the wake dipole influence coefficients, Equation (17) can be written as
The body source strengths are known from the impermeability boundary condition (Equation (10)) and moved to the right-hand-side of the equation. The matrix defined at the left-hand-side of Equation (22) is a full square matrix with dimension N total + ∑ Nsur f s isur f =1 N wj 2 . However, the number of known source strengths is equal to N total , meaning that an additional set of ∑ Nsur f s isur f =1 N wj number of equations have to be defined in order to close the system of equations. These additional equations can be deduced from the Kutta condition imposing that the tangential velocities at the blade trailing edge, computed on the upper and lower side of the body surface, are equal. The discretised translation of the Kutta condition is the Morino Kutta condition [21] expressing that the difference of the potential values between the upper and lower side of the body trailing edge is equal to the wake dipole strength,
This equation holds for every strip j of the propeller, resulting in a number of N wj additional equations per surface. Then, the system of equations becomes
where D * , W * and S * are the body dipole, wake dipole and body source influence coefficients matrices, respectively. The matrices I u , I l and I contain only ones and zeros to account for the Morino Kutta condition. Equation (24) can be written as
where
is the total dipole influence coefficients matrix.
Unsteady Flow and Rigid Propeller Formulation
For an unsteady flow and rigid propeller, the inflow conditions and, consequently, the source strengths depend on the blade position.
In PROCAL, an unsteady problem is solved by performing k steady flow like calculations, where k is the number of revolutions, N revs , required for convergence times the number of timesteps during one revolution, N t , i.e., k = N revs N t .
There is an important difference between a steady computation and the k-th calculation of an unsteady computation. For steady calculations, the symmetry properties of the propeller inflow and geometry are exploited to obtain a smaller system of equations. In case of an unsteady flow, the inflow is generally non-symmetric. To avoid simultaneously solving the system of equations for all key and symmetry surfaces, an iterative procedure is applied.
In this iterative procedure, the distinction between the key and symmetry surfaces is maintained. The system of equations is solved for the key surfaces only, while, for the symmetry surfaces, a previous solution of the key surfaces is taken from the timestep k isym when the key surfaces were at the same spatial position as the symmetry surfaces at the current timestep. This means that the contribution of the symmetry surfaces can be moved to the right-hand-side of the equation. Then, the solution is obtained by solving the systems of equations every timestep and a multiple number of revolutions until convergence. In this way, the discretised system of equations are given by
Unsteady Flow and Flexible Propeller Formulation
In case of an unsteady flow and flexible propeller, all the influence coefficients are time dependent, which results in
Equation (27) shows that the symmetry influence coefficients are time dependent as well and are equal to the influence coefficients of the symmetry surfaces on the key surfaces at timestep k isym when the key surfaces were at the same spatial position as the symmetry surfaces at the current timestep. This means that the symmetry surface influence coefficients have to be stored in memory N t times increasing the required computer memory significantly. Therefore, in the BEM model for unsteady flexible propeller calculations, it has been decided to use the symmetry surface influence coefficients at time step k for the symmetry surface influence coefficients of time step k isym . This modelling choice, together with the importance of the recalculation of the key blade influence coefficients, will be discussed further in Section 6.
The Kutta Condition for Flexible Propellers
It has to be discussed whether the Kutta condition can be applied in the unsteady flexible propeller BEM model because the Kutta condition was proposed solely for steady flows [22] . Later, the Kutta condition has been modified for unsteady models, which had been questioned [23] . Some guidelines for the applicability of the Kutta condition for unsteady flows have been given in [24] . Given the relatively small deformations of flexible propellers and that the unsteady blade forces mainly originate from the non-uniform wakefield rather than from the blade vibrations, it has been assumed that the Kutta condition is valid for flexible propeller calculations.
The Wake Geometry of Flexible Propellers
In case of a vibrating blade, the wake geometry will follow the blade movements and therefore it has to be explained how the wake geometry has been modelled in the unsteady flexible propeller BEM model.
The effect of the wake geometry of a plunging airfoil for reduced frequencies up to 8 has been studied in the past [25] . Two different wake models were investigated. A free wake model in which the vortices shed from the trailing edge move in accordance with the induced velocities of all other vortices, in addition to the free-stream velocity and a prescribed wake model in which case the vortices are convected downstream with the free-stream velocity. The results show that the wake model has little effect on the forces generated by the airfoil. Therefore, in the unsteady flexible propeller BEM model a prescribed wake geometry is used. The wake geometry depends on the blade geometry, which means that, for every calculation step in which the blade influence coefficients are recalculated, the prescribed wake geometry is redefined and the wake influence coefficients are recomputed as well.
Propeller Fluid Added Mass and Hydrodynamic Damping
Decomposition of Total Pressure Field
For the derivation of the fluid added mass and hydrodynamic damping matrices, the total disturbance potential, Φ, is decomposed in two parts. Without any assumption, Φ can be decomposed into a disturbance potential ϕ due to only the vibration velocities of the blade in the non-uniform wakefield and a disturbance potential φ for the flexible propeller in the non-uniform wakefield excluding the blade vibration velocity contribution,
Note that this decomposition of the total disturbance potential looks similar to what has been presented in [7] , but differs on the following aspects. In [7] , ϕ is the disturbance potential of the flexible blade in a uniform wakefield, here ϕ is the disturbance potential due to only the vibration velocities of the blade in the non-uniform wakefield. Here, φ denotes the remaining part of the disturbance potential, including the disturbance potential due to the rigid blades in a non-uniform wakefield and the disturbance potential due to the blade deformations in that wakefield. In [7] , formally, the later part is included in ϕ, but has been neglected by assuming small blade deformations, which is expressed in the kinematic boundary condition for ϕ.
With v 0 as inflow velocity, the total velocity v is equal to
φ and ϕ can both be solved with the hydrodynamic method described before. The kinematic boundary condition for φ is the impermeability condition as given in Equation (10), but for a deforming blade,
where the surface normal vector is also a function of blade deformation, δ, than only of x. The kinematic boundary condition for ϕ is ∂ϕ ∂n
This boundary condition means that the flow on the deforming blade should have the same velocity as the vibration velocity of the deformed blade itself. The term ∂δ ∂t · n(x, δ) denotes the normal component of the blade vibration velocity.
The pressures on the blade follow from the unsteady Bernoulli equation,
A pressure contribution due to vibration velocities only can be obtained by decomposing p in p φ and p ϕ , where p ϕ denotes the pressure contribution due to blade vibrations and p φ is the remaining force contribution,
For a total decomposition of the pressure contribution due to φ and ϕ, the term ∇φ · ∇ϕ in Equation (33) has been neglected [7] . In addition, the second order term 1 2 |∇ϕ| 2 is excluded by assuming that ϕ is small compared to φ [7] .
Fluid Added Mass and Hydrodynamic Damping Matrices
To obtain closed form expressions for added mass and hydrodynamic damping, the assumptions regarding the pressure contributions of ∇φ · ∇ϕ and 1 2 |∇ϕ| 2 are adopted, which results in,
The pressure p φ can be obtained by solving φ with the hydrodynamic method described in Section 3.3.4. The pressure contribution p ϕ can be related to blade vibration velocities and accelerations. Similar to a rigid blade problem, the vibration velocity induced potential ϕ can be obtained by applying Green's identities. Hence, in discrete form, assuming that the change in influence coefficients with time is negligible, which is assumed valid for small blade deformations [7] . By using the matrices with summed key-and symmetry influence coefficients, the implicit assumption is that the blade vibration problem is symmetric. The two cases of a constant strength vortex wake sheet and without a vortex wake sheet (i.e., not satisfying the Kutta condition) are introduced here because it will be shown in Section 5.1 that these two cases provide the upper and lower limit of the frequency dependent fluid added mass and hydrodynamic damping. According to Equation (31), ∂ϕ ∂n is related to the blade vibration velocities. Whenu are the blade nodal velocities obtained from the structural calculation, the kinematic boundary condition for ϕ can be written as
where [N] is the transformation matrix to obtain the surface normal velocities from the 3D nodal velocities. According to Equation (31) , this transformation matrix is a function of the blade deformation. To obtain closed form expressions for added mass and hydrodynamic damping, this has to be neglected, which is assumed valid for the case of small blade deformations [7] . This means that, for the closed form expressions, the kinematic boundary condition as given in [7] is applied ∂ϕ ∂n
where n is for the undeformed blade geometry. The transformation matrix [T] relates the normal velocities at the nodes to the collocation points in the BEM analysis. In case of a constant strength vortex wake sheet, the pressures, p v 0 ∇ϕ , due to v 0 ∇ϕ at the BEM collocation points are given by
where [V 0 ] is the matrix with inflow velocities and [∇] the discrete form of the gradient operator. Then, the forces at the BEM collocation points, f v 0 ∇ϕ , are obtained after multiplying the pressures with the BEM panel areas:
where [A] is the matrix with the BEM panel areas on its diagonal. The 3D force components at the nodes are equal to
from which it can be concluded that the hydrodynamic damping matrix, [C h ], is equal to
Due to v 0 , the hydrodynamic damping matrix depends on the inflow velocity. Hence, in case of a propeller operating in a non-uniform flow, the hydrodynamic damping matrix will change in accordance with the blade rotation angle. To arrive at a constant hydrodynamic damping matrix, the authors propose to decompose the non-uniform propeller inflow velocity into a circumferentially averaged constant velocity field in which the free-stream velocity only depends on the radial position and a disturbing flow field, denoted withv 0 and v 0 . Then, the total inflow velocity is
The constant hydrodynamic damping matrix is then equal to
in case of a constant strength vortex wake sheet. Without a vortex wake sheet, the constant hydrodynamic damping matrix is
In a similar way, the fluid added mass matrix can be derived. Analogous to Equation (37), it can be written
In case of a constant strength vortex wake sheet, the pressures due to ∂ϕ ∂t , p ∂ϕ ∂t , are given by
Then, the forces at the BEM collocation points, f ∂ϕ ∂t , are
The 3D force components at the nodes are equal to
from which it can be concluded that the fluid added mass matrix, [M h ], is equal to
in case of a constant strength vortex wake sheet. Without a vortex wake sheet, the fluid added mass matrix is
In the derivation of the closed form expressions for added mass and hydrodynamic damping, the following assumptions have been made: 
The influence coefficient matrices can be taken time-invariant. (3) The summed key-and symmetry influence coefficients matrices can be used. (4) The blade deformation can be neglected in the kinematic boundary condition. (5) The fluctuating part of the hydrodynamic damping in case of an non-uniform wakefield is negligible.
It will be shown in the next section that the first assumption is only valid for high reduced frequencies for which conditions the hydrodynamic damping force is small anyway and the added mass force dominates. Assumptions 2 and 5 will be evaluated in Section 6 by comparing results of fully coupled FSI analyses of the Seiun-Maru propeller obtained from different BEM modelling approaches.
Fluid Added Mass Validation
In order to validate the fluid added mass matrix calculation, the natural frequencies of the four Boswell propellers [26] have been calculated and compared to results as presented in [7] . The four propellers were designed to study the influence of the skew angle on propeller performance and cavitation behaviour and have skew angles of 0 • , 36 • , 72 • and 108 • , identified by number 4381, 4382, 4383 and 4384, respectively. The natural frequencies of the propellers have been calculated with the commercial FEM package MSC MARC/Mentat using the following material properties: fluid density 1000 kgm −3 , blade material density 2800 kgm −3 , Young's modulus 75 GPa and Poisson ratio 0.33. The FEM models consist of one propeller blade without the hub part. The stiffness contribution of the hub has been modelled by a full clamping of the propeller blade at the blade-hub interface. The models were discretised by quadratic solid elements using a 29 × 30 × 4 element distribution, meaning that 29, 30 and 4 elements are distributed in chord-wise, radial and through-thickness direction, respectively [13, 27] . The added mass matrices have been computed from Equation (51) and diagonalised with a Hinton-Rock-Zienkiewicz lumping technique, which means that the diagonal entries of the full added mass matrix are scaled with the ratio of the sum of the entries that contribute to the motion in the same direction over the sum of the diagonal entries that contribute to the motion in that direction [7] . Figure 5 shows the dry and wet natural frequencies for the four propeller blades from Young [7] and present work. By comparing the results, it can be concluded that natural frequencies from present work are consistent with the results as presented by Young [7] . The dry natural frequencies of [7] and present work are close together. The biggest differences are in the wet natural frequencies, probably due to a slightly different added mass calculation-for instance, by calculating the added mass from the influence coefficients of one blade only instead of including the influence coefficients of the symmetry blades in the added mass calculation. [7] and present work.
Hydrodynamic Loads on a Plunging Hydrofoil
In this section, the hydrodynamic loads on a plunging hydrofoil are investigated in order to evaluate the modelling of fluid added mass and hydrodynamic damping with the closed form expressions. The problem considered here concerns the hydrodynamic loads on a prismatic hydrofoil with a span of 20 m, chord of 1 m, a NACA 0012 cross section profile and a zero angle of attack for a prescribed sinusoidal plunge motion in water (density ρ is 1000 kg/m −3 ). The flow velocities, v 0 , in (m/s) are characterized by the following three velocity components:
where v x and v z are the chord-and spanwise velocity components, respectively. The plunge velocity is denoted by v y and ω is the plunge frequency.
Fluid Added Mass and Hydrodynamic Damping of a Plunging Hydrofoil
The fluid added mass and hydrodynamic damping of the plunging hydrofoil have been obtained in two different ways. The first approach is from the closed form expressions for fluid added mass and hydrodynamic damping (Equations (44), (45) and (50), (51)) and taking the sum of matrix elements that contribute to the plunge motion. The second approach is by obtaining the hydrodynamic loads on a plunging hydrofoil from an unsteady PROCAL calculation.
The values obtained from the closed form expressions for the fluid added mass and hydrodynamic damping depend on the wake model. The two limit cases are a constant strength vortex wake sheet like in steady flow calculations and without a vortex wake sheet. Without a vortex wake sheet, the fluid added mass of the hydrofoil in water as obtained from Equation (51) is approximately 16 × 10 3 kg, (note that this corresponds to the added mass of flat plat with length 20 m and width 1 m). For that case, the hydrodynamic damping obtained with Equation (45) is zero, since without a vortex wake sheet the circulation is zero.
By satisfying the Kutta condition and assuming a constant strength vortex wake sheet, the added mass of the hydrofoil calculated from Equation (50) is much bigger: 46 × 10 3 kg. A hydrodynamic damping of 52 × 10 3 kg/s has been obtained from Equation (44) in that case. As a sanity check, this value has been compared to the lift force of a NACA 0012 profile, for instance presented in [28] . For the maximum plunge velocity of 0.1 m/s, the angle of attack is approximately 0.1 rad. For this small angle, the lift force is approximately equal to the force in plunge direction, which is 0.1 × 52 × 10 3 = 52 × 10 2 N; then, the lift coefficient is equal to 0.52, which corresponds to [28] .
In the second approach, the prescribed plunge velocity is imposed on a BEM model of the hydrofoil and the forces are calculated with an unsteady PROCAL calculation. The hydrodynamic forces in plunge direction are subdivided in a circulatory and non-circulatory part. The non-circulatory part is the force contribution from the acceleration potential in the Bernoulli equation and is due to the body acceleration. The circulatory part is the remaining force contribution and contains the hydrodynamic damping part.
The non-circulatory plunge force is subdivided into two force contributions, one 90 • out of phase with the body acceleration and the other in antiphase with the body accelerations. The added mass is obtained by dividing the latter part by the body acceleration. In the same way, the hydrodynamic damping is determined: the hydrodynamic damping is the circulatory plunge force in antiphase with the body velocity, divided by the body velocity. Figure 6 shows the results obtained for the fluid added mass and hydrodynamic damping. The results show that fluid added mass and damping depend on the reduced frequency of the plunging motion. The low frequency limits are obtained for a constant strength vortex wake sheet (Equations (44) and (50)). The high frequency limits are obtained from the closed form expressions without taking into account the vortex wake sheet (Equations (45) and (51)). This shows that the assumption of a constant added mass [29] and hydrodynamic damping is only valid for sufficiently low or high reduced frequencies. Figure 7 shows for which reduced frequencies the circulatory and non-circulatory forces in plunge direction can be correctly predicted with the closed form expressions for fluid added mass and hydrodynamic damping. The left graph of Figure 7 presents the amplitude of the non-circulatory force in plunge direction obtained with the unsteady BEM as a function of the reduced frequency, together with the force amplitudes which are obtained from the high and low frequency limit of the fluid added mass force. The right graph shows something similar but then for the circulatory force in plunge direction. Figure 8 presents the phase shift between the circulatory plunge force and the body velocity, and non-circulatory plunge force and body acceleration. The most important results of Figures 7 and 8 can be summarized as follows:
Circulatory and Non-Circulatory Forces on a Plunging Hydrofoil
• For small reduced frequency, the amplitude of the circulatory plunge force is underestimated with the low frequency limit of the hydrodynamic damping force as obtained from Equation (44). This is a result of neglecting the pressure term due to 1 2 ∇ϕ 2 in the derivation of the closed form expressions. However, the circulatory plunge force is well in antiphase with the body velocity.
• For small reduced frequency, the amplitude of the non-circulatory plunge force agrees well with the low frequency limit of the added mass force as obtained from Equation (50). However, the non-circulatory plunge force is not perfectly in antiphase with the body acceleration. This phase lag is due to unsteady wake effects.
• For high reduced frequency, the amplitude of the non-circulatory plunge force agrees well with the high frequency limit of the added mass force as obtained from Equation (51). Furthermore, the non-circulatory plunge force is well in antiphase with the body acceleration. • For high reduced frequency, the amplitude of the circulatory plunge force approaches the high frequency limit of the hydrodynamic damping force as obtained from Equations (45).
This means that, only for high reduced frequencies (k > 4), the plunge forces can be correctly estimated with the closed form expressions. As revealed in Section 2.2, the reduced frequency for propeller blade vibrations excited by the first shaft harmonic is around 0.5. Hence, the question that remains is how accurately the hydro-elastic response of flexible propellers is predicted by modelling the fluid added mass and hydrodynamic damping effects with the closed form expressions. This will be discussed further in Section 6. 
Steady and Unsteady Flexible Propeller Calculations with Different BEM-FEM Coupled Approaches
The following questions regarding the FSI modelling of flexible propellers with a BEM-FEM coupled approach could be raised based on what has been discussed:
How important is the re-calculation of key and symmetry body and wake influence coefficients in the BEM modelling?
Is it valid to use for the symmetry surface influence coefficients at time step k isym the symmetry influence coefficients of time step k, in order to reduce computer memory? (3) Can the hydro-elastic response of flexible propellers be accurately predicted by modelling the fluid added mass and hydrodynamic damping effects with the closed form expressions and what has been taken for the the fluid added mass and hydrodynamic damping matrix, i.e., the low frequency limit, high frequency limit or something in between? (4) As the structural response is stiffness dominated, would a quasi-static FEM calculation be sufficient?
In order to give answers to these modelling questions, different BEM-FEM coupling approaches were implemented and the hydro-elastic responses of quasi-isotropic glass-epoxy and carbon-epoxy Seiun-Maru propellers in uniform and non-uniform flows have been compared. In order to judge from these results which modelling approach is acceptable and which is not, criteria on accuracy levels have to be given. The purpose of the BEM-FEM coupled calculations is to predict correctly the hydro-elastic behaviour of flexible propellers. A measure for the hydro-elastic behaviour from a propeller performance perspective is the blade thrust change due to flexibility. An accuracy level of 10% on the blade thrust change is considered as acceptable. This seems significant but means that an accuracy of 1% in blade thrust is required in case the blade thrust change is 10% of the blade thrust itself. Additionally, in order to assess the structural response results, an accuracy level of 5% is considered as acceptable.
BEM Models for Steady and Unsteady Flexible Propeller Calculations
In contrast to standard PROCAL applications, for flexible propellers, the blades deform and for unsteady cases induce fluid velocities and accelerations due to blade vibrations as well. As a result of blade deformations:
• panel normal vectors become time-dependent, which is reflected in the panel source strengths.
• pressures have to be evaluated from the computed velocity potentials on a modified grid.
• influence coefficients of key-and symmetry blades and wake surfaces become time-dependent.
The blade vibration velocity and acceleration hydrodynamic effects can be included in the FSI calculations in two ways: either implicitly by imposing the kinematic boundary condition of Equation (31) Uniform flow calculations can be considered as a special case of an unsteady calculation without time effects, blade velocities and accelerations, which means the implicit or explicit modelling of fluid added mass and hydrodynamic damping is irrelevant and the different BEM models are denoted by FGD-BEM and PGD-BEM.
FGDI-BEM Model
In the FGDI-BEM model, all the geometry dependent items in a PROCAL calculation, including source strengths, blade and wake influence coefficients, are recalculated based on the deformed blade geometry and the pressures are evaluated on the modified BEM model. Note that, for the symmetry surface influence coefficients of time step k isym , the symmetry influence coefficients of time step k have been used in order to save computer memory. The blade vibration velocity and acceleration effects are implicitly included in the BEM calculation by imposing Equation (31) as an additional boundary condition supplementary to the boundary condition of Equation (30).
FGDE-BEM Model
The FGDE-BEM model is the same as the FGDI-BEM model except that PROCAL solves only the disturbance velocity potential without the contribution of blade vibration velocities, φ, from the kinematic boundary condition of Equation (30) . The blade vibration velocity and acceleration effects are included in the FSI analyses by means of the closed form expressions for fluid added mass and hydrodynamic damping. The main advantage of this approach is that the fluid added mass and hydrodynamic damping can be explicitly included in the structural computation, which stabilizes the FSI solution and reduces CPU time [30] .
The question that remains is which fluid added mass and hydrodynamic damping matrix have to be taken. The reduced frequency for propeller blade vibration flows is around 0.5 for an oscillation frequency equal to the shaft rotation rate. For higher harmonics, the reduced frequency is obviously a multiple of the fundamental reduced frequency. From the left graph of Figure 6 , it can be concluded that, for such high reduced frequencies, the fluid added mass is approaching the high frequency limit. Therefore, the added mass matrix has been computed without taking the vortex wake sheet into account, i.e., Equation (51).
Based on the right graph of Figure 6 , 50% of the low frequency limit of the hydrodynamic damping term, i.e., Equation (44), has been taken for the hydrodynamic damping matrix.
PGDI-BEM Model
In the PGDI-BEM model, blade vibration and velocity effects have been incorporated in the same way as in the FGDI-BEM model. The difference is to which level the blade geometry update is included in the BEM calculations. In the PGDI-BEM model for each time step, source strengths are recalculated from the deformed blade geometry and pressures and forces are evaluated on the modified BEM model. However, the blade and wake influence coefficients are kept constant throughout the analyses. This can reduce the CPU time significantly. The blade and wake influence coefficients used in the unsteady calculations with the PGDI-BEM model are obtained for the averaged deformed blade geometry. The average deformed blade geometry is calculated from a steady BEM-FEM computation with the circumferentially averaged wakefieldv 0 for the inflow velocities. The steady calculations with the PGD-BEM model are conducted with the hydrodynamic influence coefficients of the undeformed propeller blade geometry.
Steady and Unsteady BEM-FEM Coupling
In [13] , the BEM-FEM coupling for the steady analyses has been presented, including a validation study. The coupling is based on a partitioned approach in which fluid and structure problem are solved in separate codes. For the fluid part, any of the PROCAL BEM models as described above has been used. For the structural modelling, the FEM package MSC MARC/Mentat has been used. The blade FEM modelling has been extensively described in [13, 27] . In summary, the FEM models consist of one propeller blade without the hub part. The stiffness contribution of the hub has been modelled by a full clamping of the propeller blade at the blade-hub interface. The models are discretised by quadratic solid elements using a 29 × 30 × 4 element distribution, meaning that 29, 30 and 4 elements are distributed in chord-wise, radial and through-thickness direction, respectively. The unsteady FEM calculations have been conducted in modal space and a model reduction is applied by using only the first 40 mode shapes.
Since a partitioned FSI approach has been adopted, coupling iterations between BEM and FEM solver are required to converge to the monolithic solution. For steady analyses, these coupling iterations converge in any case. However, without a dedicated coupling algorithm instabilities occur in unsteady analyses due to strong fluid added mass effects. Special attention has been paid to the coupling algorithm for the unsteady BEM-FEM analyses. A detailed description of this BEM-FEM coupling is out of the scope of this work and will be revealed in a future publication. In short, in the unsteady BEM-FEM coupling, the periodicity of the problems is utilized by coupling the BEM and FEM solver on period level instead per time step. This time periodic coupling [31] is the most obvious approach to couple PROCAL with the structural problem because PROCAL is completely periodical in nature. Think of the vortex wake shedding and the use of symmetry blades and therefore a non-periodic solution could not be treated in PROCAL. Furthermore, the time periodic approach allows for first letting PROCAL converge before new disturbances enter the equations. After all, the PROCAL computations itself are already iterative and, in strongly coupled FSI problems, it is advantageous to have the inner loop converge first. In order to stabilize the coupling iterations on period level, a Quasi-Newton inverse least squares partitioned solution method has been implemented [32] .
The unsteady BEM-FEM coupling procedure has been verified with the FSI solutions of a pitching hydrofoil in water with a span of 1 m, chord of 0.1 m, a NACA 0009 cross section profile and a zero initial angle of attack subjected to a controlled external moment, M 0 , equal to 34.9sin(ωt) Nm [33] . The inflow velocity, v 0 , is equal to 5 m/s. For this problem, the equation for the pitch motion, θ, reads:
where I θ is the structural moment of inertia equal to 1.429 × 10 −3 kgm 2 , C θ is the structural damping parameter equal to 0.096 kgms −1 , K θ is the structural torsional stiffness equal to 1000 Nm. M f luid is the moment exerted by fluid forces. M f luid has been subdivided in fluid added mass, fluid damping and fluid stiffness forces defined by the following approximation formulas [29] :
The monolithic solution is obtained by moving the fluid forces from the right-hand-side of the equation of motion to left-hand-side and then the exact solution for θ can be computed. The coupling procedure solution is obtained by keeping the fluid forces on the right-hand-side as unknowns and iterations are required to converge to the monolithic solution. Figure 9 shows the monolithic solution and the time periodic coupling solution for two of the cases with fluid added mass to structural mass ratio of 1.72 as also presented in [33] . For both cases, the time period coupling procedure converges to the monolithic solution, for the ω = 4.83 rad/s case in four coupling iterations and for the case with ω = 483 rad/s in seven coupling iterations. This shows that the coupling procedure is appropriate for periodic FSI problems with strong fluid added mass effects, like in flexible propeller FSI analyses. 
Steady Analyses with FGD-BEM Model and PGD-BEM Model
In order to obtain an answer to the first modelling question raised in the beginning of this section, calculations were performed with the FGD-BEM and PGD-BEM model on the Seiun-Maru propeller for various uniform flow conditions. All steady BEM-FEM coupled calculations are performed for a quasi-isotropic glass-epoxy material, with material properties as presented before. The advance ratio J, free stream velocity V, propeller rotation rate and blade thrust T 0 in undeformed configuration are given in Table 2 . The rotation rate and advance speeds were selected in such a way that the undeformed propeller thrust is more or less the same for all the flow conditions and the power required for the advance ratio of 0.7 corresponds roughly to the maximum continuous rating power of the Seiun-Maru vessel [34] . Figure 10 shows the results that are obtained with the FGD-and PGD-BEM model. In the left graph, the reduction in blade thrust due to blade flexibility calculated with the two models is given as a percentage of T 0 , together with the percentage difference between the blade thrust reductions obtained with both models. It can be seen that with the PGD-BEM model the blade thrust reduction is smaller for all advance ratios. The relative difference between the blade thrust reductions obtained with both models reduces with increasing advance ratio. The explanation for this is that, for increasing advance ratio, the relative contribution of the disturbance velocity potential, calculated with the PGD-BEM model in a simplified way, reduces.
The right graph shows the tip displacements obtained with both models. Since the blade thrust calculated with both models is close, the differences in tip displacements are relatively small as well. From the results, it can be concluded that without recalculation of the blade and wake influence coefficients, the inaccuracy in thrust change for the two lowest advance ratios is slightly larger than the 10%, but satisfies the 5% deformation inaccuracy. The PGD-BEM results for the two highest advance coefficients satisfy the accuracy criteria, which means that updating of the influence coefficients is not necessary for these conditions. 
Unsteady Analyses
This section presents results obtained for various non-uniform flows, fully BEM-FEM coupled calculations on the Seiun-Maru propeller and its ship effective wakefield [35] as shown in Figure 11 . All the calculations are performed for quasi-isotropic glass-epoxy or carbon-epoxy material, with material properties as presented before. All the calculations are performed for a ship speed of 21 knots and a rotation rate of 240 rpm, which is roughly the rotation rate resulting in the maximum continuous engine power of 7723 kW [34] , according to the graph showing the power against propeller revolution rate as presented in [18] .
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Chapter 7. Three-Dimensional Wetted Flow
Seiun-Maru Propeller in-Behind Condition
The Seiun-Maru effective ship wake field, Gindroz et al.
[36] is shown in Fig.(7.45) . The wakepeak for this particular case is a severe one with a minimum velocity The Seiun-Maru moderate skew propeller geometry and the corresponding prescribed wake are shown in Fig.(7.46) . The ship speed was adjusted to V s = 5.080 m/s in order to obtain the same average thrust coefficient K t = 0.172 measured in full-scale. The propeller has a diameter of D = 3.600 m and operates at a rotation rate of n = 1.512 rps yielding an open-water advance coefficient of J = 0.933. Figures 14 and 15 show the modal participation factors for the first three dry blade modes as obtained from these analyses. Figure 16 summarizes the reduction of minimum, maximum and average blade thrust due to blade flexibility as obtained from these calculations. An interesting outcome of these calculations is that the reduction of the peak thrust due to blade flexibility is significantly larger than the reduction of the average thrust. This demonstrates the potential advantage of flexible propellers to improve cavitation inception speeds and cavitation noise.
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Modal participation factor The FGDI-BEM model is the most extensive and complete BEM modelling of the flexible blades; therefore, all the other results will be compared to results obtained with this model. First, it can be seen that the differences between the results obtained with the FGDI-BEM and the PGDI-BEM model are small, meaning that the computationally intensive process of recalculating all the influence coefficients at every time step is relatively unimportant. This is in line with the results obtained with the FGD-BEM and PGD-BEM model for the steady cases. In answer to modelling question 1, it can be concluded that updating of the influence coefficients can be omitted for these unsteady flexible propeller calculations. Based on this conclusion, an answer can be given to the second modelling question as well. Since updating of the influence coefficients makes such a small contribution to the final results, it can be concluded that the symmetry surface influence coefficients of time step k instead of k isym can be safely used for the symmetry surfaces because the symmetry surfaces are in the far-field with respect to the key blade and therefore the error in thrust reduction from this modelling choice will be much smaller than the modelling error introduced by not updating the key surface influence coefficients.
An answer to the third modelling question can be based on a comparison of the results obtained with the FGDE-BEM model to the results obtained with the FGDI-BEM calculations. It can be concluded that the hydro-elastic response prediction of the glass-epoxy flexible Seiun-Maru propeller with the FGDE-BEM model does not satisfy the accuracy criterion regarding the change in blade thrust. However, it can be seen that the hydro-elastic responses are fairly well predicted by modelling the fluid added mass and hydrodynamic damping effects with the closed form expressions, more specifically by using the high frequency limit for the fluid added mass matrix and for the hydrodynamic damping matrix by taking 50% of the low frequency limit. The main reason that the results obtained with the FGDE-BEM model are fairly close to results obtained with the FGDI-BEM model is that the structural response of flexible propellers is dominated by stiffness and therefore the consequences of modelling errors in the fluid added mass and hydrodynamic damping contributions are relatively small.
Unsteady Analyses with FGDE-BEM Model
The purpose of this subsection is to give an answer to the fourth modelling question. It will be shown whether a quasi-static approach for the blade structural response calculation gives acceptable results (i.e., inaccuracy in thrust change <10% and inaccuracy in structural response <5%) and what the contribution is of the fluid added mass and hydrodynamic damping forces. Therefore, several computations with the unsteady FGDE-BEM-FEM coupling were conducted. The FGDE-BEM model has been taken, since the fluid added mass and hydrodynamic damping forces are explicitly calculated and their contribution to the total force can be easily presented. Figures 17 and 18 show the blade thrust for one revolution computed with four different FGDE-BEM-FEM coupled calculations for the glass-epoxy and carbon-epoxy propeller, including fluid added mass and hydrodynamic damping, without hydrodynamic damping, without fluid added mass and a quasi-static analysis of the structural response. In these figures, the force contributions due to fluid added mass and hydrodynamic damping are included as well. These results show that a quasi-static FEM modelling cannot be used for an accurate prediction of the hydro-elastic response for these cases. This can be illustrated for instance with the blade thrust reduction results for the carbon-epoxy calculation. It can be expected that a quasi-static FEM approach will work the best for this case, since the structural frequency ratio for the carbon-epoxy propeller is significantly smaller than for the glass-epoxy propeller. However, a significant difference between reduction of the maximum thrust value calculated with the FGDE-BEM and the quasi-static approach is obtained for this case. Therefore, it is concluded that a quasi-static FEM modelling of flexible propellers should be applied with great care.
The importance of including fluid added mass and hydrodynamic damping in the calculations has been illustrated with two other calculations: one, BEM-FEM coupled calculation with the FGDE-BEM model without hydrodynamic damping included and one without fluid added mass included. These results show that, by neglecting fluid added mass or hydrodynamic damping, the average thrust corresponds very well with the average thrust obtained from a calculation in which both terms are included. However, significant differences can be seen in the calculated maximum blade thrust values and the shape of the blade thrust curves during a full revolution. The same conclusion can be drawn from the structural responses, as the differences in results obtained from the different calculations are too big to justify neglecting fluid added mass and/or hydrodynamic damping.
Conclusions
This work presents expressions to characterize the flow and structural response of flexible marine propellers. From these formulas, the conclusion can be drawn that the structural frequency ratio of flexible blades and the reduced frequency of vibrating blade flows is independent of the geometrical propeller scale.
The formulas were used to estimate the dry and wet fundamental blade frequencies of the highly skewed Seiun-Maru propeller for different blade materials. These frequencies were compared to results obtained from FEM calculations, from which can be concluded that reasonable results are obtained by using the estimation formulas. From the prediction of the structural frequency ratio for a quasi-isotropic glass-epoxy and carbon-epoxy Seiun-Maru propeller, it can be expected that the structural response is stiffness dominated. It can be discussed what the structural behaviour of flexible propellers is in general. It is the authors' opinion that the structural response of flexible propellers is dominated by the stiffness in general because the structural frequency ratio is independent of the geometrical propeller scale. Secondly, the Seiun-Maru propeller has relatively low blade frequencies due to the heavily skewed blade, and, therefore, in the case of other blade geometries, the structural frequency ratio is probably smaller.
A large part of this publication is used to explain possible BEM modelling approaches of flexible propellers. A derivation is presented on how fluid added mass and hydrodynamic damping matrices can be obtained from the hydrodynamic influence coefficients. To obtain closed form expressions for the added mass and hydrodynamic damping, several assumptions were made. The validity of using the closed form expressions for added mass and hydrodynamic damping forces has been studied by investigating the hydrodynamic loads on a plunging hydrofoil. The results of this study show that fluid added mass and hydrodynamic damping forces are frequency dependent due to flow memory effects as a consequence of the vortex wake sheet. The high frequency limit of the added mass and hydrodynamic damping forces is obtained without considering a vortex wake sheet. The low frequency limit is obtained for a constant strength vortex wake sheet. For sufficiently high reduced frequencies (k > 4), the added mass force converges to the high frequency limit and the hydrodynamic damping approaches the high frequency limit for the damping force, which is zero. From the results obtained for the hydrofoil only it cannot be concluded that the closed form expressions can be used for correctly modelling fluid added mass and hydrodynamic damping effects in case of flexible propellers. Three other modelling questions regarding the hydro-elastic response modelling were raised and answers to these questions have been obtained by comparing results of different BEM-FEM coupled analyses of the Seiun-Maru propeller in steady and unsteady flows. In order to assess the different results, criteria on accuracy levels has been adopted. As acceptable accuracy level for the blade thrust change 10% has been used. That seems significant but means, in the case of 10% blade thrust change due to flexibility, an accuracy of 1% on the blade thrust itself. For the structural response, an accuracy level of 5% in blade deformation response has been considered.
From the study with the different BEM-FEM calculations, the following conclusions can be drawn. Firstly, the recalculation of influence coefficients seems to be of minor importance and can be omitted to reduce CPU time.
Secondly, by modelling explicitly the blade vibration and acceleration hydrodynamic effects by using the high frequency limit for the fluid added mass term and by taking 50% of the low frequency limit for the hydrodynamic damping term, the hydro-elastic response was reasonably well predicted, although the glass-epoxy propeller case did not satisfy the accuracy criteria. The main reason for these reasonable results is that the structural response of flexible propellers is dominated by the stiffness and therefore the consequences of modelling errors in the fluid added mass and hydrodynamic damping contributions are relatively small. For cases with structural frequencies around 0.2, the application of this modelling approach needs to be considered carefully and is not recommended for cases with higher structural frequency ratios as considered in this work.
Regarding a quasi-static FEM modelling of the structural response of flexible propellers, it can be concluded that this is not recommended for two reasons. First of all, the fluid added mass and hydrodynamic damping contributions are relatively small but not negligible. Secondly, the structural response of flexible propellers is dominated by stiffness, but already the results for the carbon-epoxy propeller with a structural frequency ratio of around 0.15 show that dynamic effects have to be included. This would be even more important for cases were the structural frequency ratio is higher or the higher harmonics of the blade force are more significant.
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